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Crack nucleationA dislocation-density based multiple-slip crystalline plasticity formulation, a dislocation-density grain
boundary (GB) interaction scheme, and an overlapping fracture method were used to investigate crack
nucleation and propagation in martensitic steel with retained austenite for both quasi-static and dynamic
loading conditions. The formulation accounts for variant morphologies, orientation relationships, and
retained austenite that are uniquely inherent to lath martensitic microstructures. The interrelated effects
of dislocation-density evolution ahead of crack front and the variant distribution of martensitic blocks on
crack nucleation and propagation are investigated. It is shown that dislocation-density generation ahead
of crack front can induce dislocation-density accumulations and plastic deformation that can blunt crack
propagation. These predictions indicate that variant distribution of martensitic blocks can be optimized
to mitigate and potentially inhibit material failure.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Lath martensitic steels, due to their high strength, toughness,
and fracture resistance are ideal material choices for critical engi-
neering structures and components. These inherent properties
are mainly a result of martensitic steel’s unique lath microstruc-
ture, and its orientation relationships (ORs) with parent austenite
grain (Morito et al., 2003; Morito et al., 2006). Furthermore, the
strength and toughness of lath martensitic steel are strongly
related to block morphology, which is a group of laths with low
angle misorientations, and a packet morphology, which is a collec-
tion of blocks with the same habit plane (Krauss, 1999; Swarr and
Krauss, 1976), and block and packet sizes are proportional to the
parent austenite grain size (Morito et al., 2005). Experimental
observations have also shown that martensitic packet sizes are
related to the size of cleavage facets, due to large misorientations
of {100} cleavage planes at packet boundaries, and this affects
the fracture toughness of martensitic steel (Wang et al., 2008).
Reﬁnement of the block and packet size can reduce the coher-
ence length on the {110} and {112} slip planes, and on the
{100} cleavage planes. This decrease of the coherence length on
slip planes can improve the strength by impeding dislocation
motion, while the decrease of the coherence length on cleavageplanes can improve fracture toughness by deﬂecting crack propa-
gation at block and packet boundaries (Morris, 2011; Guo et al.,
2004; Wang et al., 2007). While block and packet reﬁnement can
improve strength, it can also result in signiﬁcant loss in ductility
(Song et al., 2006; Tsuji et al., 2002).
In martensitic steels, ductility and toughness can be improved
through retained austenite. Generally, small amounts of retained
austenite are frequently observed in martensitic steel depending
on the carbon content and heat treatment conditions (Park et al.,
2004; Thomas, 1978). Retained austenite is mainly located at mar-
tensitic inter-lath boundaries and block/packet boundaries (Song
et al., 2010; Morito et al., 2011; Ma et al., 2012). These block-like
or pockets of retained austenite can improve ductility and tough-
ness, but decrease the strength of martensitic steel (Nakagawa
and Miyazaki, 1999; Moor et al., 2008). In addition, the transforma-
tion of retained austenite to martensite in the regions close to frac-
ture surfaces has been observed in martensitic steel (Bilmes et al.,
2001; Song et al., 2010). These transformations can induce plastic
zones, absorb strain energy, and effectively improve fracture
toughness. We have previously investigated dislocation-density
interactions at the interface of body centered cubic (b.c.c.) mar-
tensite and face centered cubic (f.c.c.) retained austenite, and
how it affects strength and toughness (Wu et al., 2013). All of these
investigations indicate that the combined effects of retained aus-
tenite, the morphology and crystallography of martensitic blocks
and packets have a signiﬁcant inﬂuence on the strength, ductility,
and fracture toughness, due to dislocation evolution at both the
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block boundaries.
The objective of the present work, therefore, is to develop an
integrated framework that incorporates microstructural features
of martensitic steels, such that failure at different scales can be
investigated. An essential aspect of the approach is the modeling
of crack nucleation and growth along incompatible interfaces of
martensite (b.c.c.) and retained austenite (f.c.c.), and boundaries
of martensitic blocks. A fracture method based on the overlap ele-
ment method of Hansbo and Hansbo (2004) has been developed to
generate failure surfaces as a function of microstructural charac-
teristics, dislocation-density evolution, and martensitic block ori-
entations. A dislocation-density GB interaction scheme that is
representative of the resistance to dislocation transmission across
block and packet boundaries has been developed, and it is incorpo-
rated into a multiple-slip dislocation-density based crystalline
plasticity formulation. The formulation accounts for variant mor-
phologies and orientation relationships that are uniquely inherent
to lath martensitic microstructures. This framework is then used to
investigate the effects of dislocation-density evolution ahead of
crack fronts and of variant distribution of martensitic blocks on
crack nucleation and propagation in martensitic microstructures
with retained austenite pockets.
This paper is organized as follows: the dislocation-density based
crystalline plasticity formulation, the derivation of the dislocation-
density GB interaction and the representation of martensitic
microstructure are presented in Section 2, themicrostructure-based
failure criterion, and the numerical implementation of overlapping
element method for fracture are outlined in Section 3, the results
are presented and discussed in Section 4, and a summary of the
quasi-static and dynamic results and conclusions are given in
Section 5.2. Constitutive formulation
In this section, only a brief outline of the multiple-slip crystal
plasticity rate-dependent constitutive formulation and the evolu-
tion equations for the mobile and immobile dislocation-densities,
which are coupled to the constitutive formulation, are presented.
A detailed presentation is given by Shanthraj and Zikry (2011).
2.1. Multiple-slip dislocation-density based crystal plasticity
formulation
The dislocation-density based crystal plasticity constitutive
framework used in this study is based on a formulation developed
by Zikry (1994), Ashmawi and Zikry (2003), and Shanthraj and
Zikry (2012), and a brief outline will be presented here. It is
assumed that the velocity gradient is decomposed into a symmet-
ric deformation rate tensor Dij and an anti-symmetric spin tensor
Wij (Asaro and Rice, 1977). The tensors Dij and Wij are then addi-
tively decomposed into elastic and inelastic components as
Dij ¼ Dij þ Dpij; Wij ¼ Wij þWpij; ð1a-bÞ
The superscript * denotes the elastic part, and the superscript p
denotes the plastic part.Wij includes the rigid body spin. The inelas-
tic parts are deﬁned in terms of the crystallographic slip-rates as
Dpij ¼
X
a
PðaÞij _c
ðaÞ; and Wpij ¼
X
a
xðaÞij _c
ðaÞ; ð2a-bÞ
where a is summed over all slip-systems, and PðaÞij and x
ðaÞ
ij are the
symmetric and anti-symmetric parts of the Schmid tensor in the
current conﬁguration respectively.
A power law relation can characterize the rate-dependent
constitutive description on each slip system as_cðaÞ ¼ _cðaÞref
sðaÞ
sðaÞref
" #
jsðaÞj
sðaÞref
" #1
m1
; ð3Þ
where _cðaÞref is the reference shear strain-rate which corresponds to a
reference shear stress sðaÞref , and m is the rate sensitivity parameter.
sðaÞ is the resolved shear stress on slip system a. The reference stress
used is a modiﬁcation of widely used classical forms (Franciosi
et al., 1980) that relate reference stress to immobile dislocation-
density qim as
sðaÞref ¼ sðaÞy þ G
Xnss
b¼1
bðbÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
aabqðbÞim
q !
T
T0
 n
; ð4Þ
where sðaÞy is the static yield stress on slip system a, G is the shear
modulus, nss is the number of slip systems, bðbÞ is the magnitude
of the Burgers vector, and aab are Taylor coefﬁcients which are
related to the strength of interactions between slip-systems
(Devincre et al., 2008; Kubin et al., 2008a,b). T is the temperature,
T0 is the reference temperature, and n is the thermal softening
exponent, which is chosen as 0.3.
2.2. Mobile and immobile dislocation density evolution equations
Following the approach of Zikry and Kao (1996), it is assumed
that, for a given deformed state of the material, the total disloca-
tion-density, qa, can be additively decomposed into a mobile qðaÞm
and an immobile dislocation-density, qðaÞim . Furthermore, the mobile
and immobile dislocation-density rates can be coupled through
the formation and destruction of junctions as the stored immobile
dislocations act as obstacles for evolving mobile dislocations. This
is the basis for taking the evolution of mobile and immobile
dislocation densities as
dqam
dt
¼ j _caj g
a
sour
b2
qaim
qam
 
 gamnterqam 
gaimmob
b
ﬃﬃﬃﬃﬃﬃﬃ
qaim
q 
; ð5Þ
dqaim
dt
¼ j _caj gamnterþqam þ
gaimmobþ
b
ﬃﬃﬃﬃﬃﬃﬃ
qaim
q
 garecovqaim
 
; ð6Þ
where gsour is a coefﬁcient pertaining to an increase in the mobile
dislocation-density due to dislocation sources, gmnter are coefﬁcients
related to the trapping of mobile dislocations due to forest intersec-
tions, cross-slip around obstacles, or dislocation interactions, grecov
is a coefﬁcient related to the rearrangement and annihilation of
immobile dislocations, and gimmob are coefﬁcients related to the
immobilization of mobile dislocations.
2.3. Determination of dislocation density evolution coefﬁcients
To couple the evolution equations for mobile and immobile
dislocation densities to the crystal plasticity formulation, the
non-dimensional coefﬁcients in (Eqs. (5), (6)) were determined as
functions of the crystallography and deformation mode of the
material, by considering the generation, interaction and recovery
of dislocation densities as discussed in Shanthraj and Zikry
(2011). These expressions are summarized in Table 1, where f0,
and u are geometric parameters. H0 is the reference activation
enthalpy, qs is the saturation density and the average junction
length, lc, can be approximated as
lc ¼ 1P
b
ﬃﬃﬃﬃﬃﬃﬃﬃ
qðbÞim
q ; ð7Þ
An interaction tensor, nbca is introduced and deﬁned as having a
value of 1 if dislocations on slip-systems b and c interact to form an
energetically favorable junction on slip system a, and a value of 0 if
Table 1
g Coefﬁcients in Eqs. (5), (6).
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dislocation-density interactions with the corresponding slip sys-
tem, and the energy criterion based on Frank’s rule is used to deter-
mine the formation of junctions. Junction formation is different for
b.c.c. (martensite) and f.c.c. (austenite) structures, and details are
given in Shanthraj and Zikry (2012).
2.4. Dislocation-density GB interaction scheme
In this section, a dislocation-density GB interaction scheme is
presented. The martensitic block boundary can be considered as
similar to a grain boundary (GB) interface. For dislocation-density
transmission through the boundary, an incoming slip system usu-
ally does not completely coincide with an outgoing slip system,
and residual dislocations can remain within the boundary due to
the conservation of lattice defect vector (Shanthraj and Zikry,
2013; Sangid et al., 2011; Shi and Zikry, 2009; Lee et al., 1990).
The energy required to produce the residual dislocation at the
boundary is considered as the energy barrier for thermally acti-
vated dislocation transmission (Ma et al., 2006; Roters et al.,
2010). The constitutive relation Eq. (3) has been modiﬁed at the
boundary through the introduction of a GB transmission factor
(GBTF) based on the energy barrier as
_cðaÞ ¼ _cðaÞref
sðaÞ
sðaÞref
" #
jsðaÞj
sðaÞref
" #1
m1
GBTFðaÞ; ð8Þ
where GBTFðaÞ ¼ e 
UðaÞ
GB
kT
 
. It can range from 0 to 1, 0 corresponds to
full blockage and 1 corresponds to full transmission.
The line tension model for the activation of a Frank-Read source
in the presence of a GB developed in Koning et al. (2002) can then
be used to obtain the energy required for dislocation transmission.
The energy barrier caused by GB residual dislocation, for incoming
and outgoing slip systems a and b, is given by
UðabÞGB ¼ jGDb2effD2; ð9Þ
where j is approximately equal to 0.5, G is the shear modulus, Dbeff
is the magnitude of the effective residual Burger’s vector, which is a
function of the misorientation of the slip planes and the magnitude
of the true residual Burger’s vector. D2 is the length of residual
dislocation, and it is a function of the resolved shear stress for the
outgoing slip system b in grain 2 (Fig. 1). Details for calculation of
Dbeff and D2 are given in Shanthraj and Zikry (2013) and Koning
et al. (2002). Dislocation-density transmission is considered on
the most energetically favorable outgoing slip system as
UðaÞGB ¼ minb U
ðabÞ
GB : ð10Þ2.5. Martensitic microstructural representation
Following Hatem and Zikry (2010), the martensitic lath struc-
ture is related to the global coordinates through the parent austen-
ite grain orientation and variant orientations. Commonly accepted
ORs for lath martensitic steels are Kurdjumov–Sachs (KS) and
Nishiyama–Wassermann (NW) ORs. KS ORs are based on a c
austenite transformation to a0 martensitic transformation as
ð111Þc==ð011Þa0 ; ½101c==½1 1

1a0 . The NW OR is a KS OR with a
5.12 rotation around the [011]c direction. The 24 variants
obtained from a KS OR are tabulated in Table 2.
To relate the martensitic local grain orientation to the global
orientation, three transformations are needed. The ﬁrst transfor-
mation, [T]1, relates an observed OR to a theoretical OR, such as
KS and NW ORs. The second transformation, [T]2, relates a mar-
tensite OR to the parent austenite grain orientation. The third
transformation, [T]3, relates the parent austenite grain orientation
to the global coordinates. These transformations are given by
[X]Global = [T]3 [T]2 [T]1 * [X]a.
To characterize martensitic microstructure, we will follow the
characterization scheme of Morito et al. (2003), which has been
used by Hatem and Zikry (2009). We designate a block as a group
of laths with approximately the same values of low angle misorien-
tations, and a packet as a collection of blocks with the same habit
plane. Using this methodology, we can investigate the effects of
variant distribution on crack nucleation and propagation in
martensitic microstructures.
3. Microstructural failure criterion and numerical
implementation of overlapping element method
3.1. Microstructure-based failure criterion
The inherent fracture mode in martensitic steel is cleavage on
{100}a0 planes in the microstructure (Guo et al., 2004). To formu-
late this into a microstructural failure criterion, the orientation of
the cleavage planes for each variant in the global coordinate sys-
tem is obtained by applying the series of transformations outlined
in Section 2.5.
ncleave ¼ ½T3 ½T2 ½T1 ncleave; a0 ; ð11Þ
The global orientation of the cleavage planes in the current con-
ﬁguration is then obtained by updating at every time-step, due to
the lattice rotations of _ncleave ¼ Wncleave. The normal component
of the traction acting on each cleavage plane has a direct inﬂuence
on fracture along that plane. The maximum, over all the {100}a0
cleavage planes, of the normal component of the traction on these
planes is, therefore, monitored and compared with critical fracture
stress rfrac to determine failure. The failure criterion can be given by
tcleave > rfrac; ð12Þ
where tcleave ¼ maxf100ga0planes n
T
cleave½rncleave
 
:
When the failure criterion is attained in one element, the
elastic energy stored in the element will be released, and the
elastic energy release rate should be related to plastic work
under large plastic deformation. Numerical instability can be
encountered, because the resolved shear stresses, slip rates,
and dislocation densities can vary widely, due to decreases in
stiffness caused by introducing crack surfaces. To address these
numerical issues, the stresses are unloaded after the failure
criterion is attained as
rnþ1 ¼ rn  aN ; ð13Þ
Fig. 1. Dislocation conﬁguration of a Frank-Read source in the vicinity of a GB.
Table 2
The 24 variants corresponding to the K–S OR.
Variant No. Parallel planes Parallel directions Variant No. Parallel planes Parallel directions
1 ð111Þc==ð011Þa0 ½101c==½1 11a0 13 ð111Þc==ð011Þa0 ½0 11c==½1 11a0
2 ½101c==½11 1a0 14 ½0 11c==½11 1a0
3 ½0 11c==½1 11a0 15 ½10 1c==½1 11a0
4 ½0 11c==½11 1a0 16 ½10 1c==½11 1a0
5 ½1 10c==½1 11a0 17 ½110c==½1 11a0
6 ½1 10c==½11 1a0 18 ½110c==½11 1a0
7 ð1 11Þc==ð011Þa0 ½10 1c==½1 11a0 19 ð11 1Þc==ð011Þa0 ½110c==½1 11a0
8 ½10 1c==½11 1a0 20 ½110c==½11 1a0
9 ½1 10c==½1 11a0 21 ½0 1 1c==½1 11a0
10 ½1 10c==½11 1a0 22 ½0 1 1c==½11 1a0
11 ½011c==½1 11a0 23 ½101c==½1 11a0
12 ½011c==½11 1a0 24 ½101c==½11 1a0
f (X) = 0
f (X) > 0
f (X) < 0
1 2
34
1p 2p
34
1 2
3p4p
f (X) > 0
Element 2
f (X) < 0
Element 1
Ae1
Ae2
Fig. 2. Decomposition of a cracked element with two overlapping elements.
Fig. 3. Microstructural model and distribution of variants in martensitic blocks, (a)
variant distribution for Case I, (b) variant distribution for Case II.
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decay factor, which is a function of elastic energy Qe and plastic
work Qp, and can be written as
a ¼ e
Qe
bQp ; ð14Þ
where b is a constant. After the stresses have been unloaded, over-
lapping elements are introduced to represent failure surface. For the
limiting case with Qe >> Qp, which means little plastic work or
brittle facture, the decay factor a goes to zero, and the unloading
process can be completed in one time step.
Due to the heterogeneities caused by the microstructure, such
as the orientation of martensitic blocks, retained austenite pockets,
and dislocation-GB interactions, multiple cracking can occur. For
each crack, a small circular region with a radius of r ahead of crack
front is deﬁned. The determination of the radius r is based on trial
and error. The failure criterion is evaluated only for the element
ahead of the crack front in the circular region and the elementsoutside of the circular region (see, for example, Meer and Sluys,
2009).
3.2. Numerical implementation of overlapping element method
We follow the approach of Hansbo and Hansbo (2004) and
Shanthraj and Zikry (2013), and consider one element crossed by
a crack deﬁned implicitly f(X) = 0, dividing the element domain
into two subdomains with areas Ae1 and Ae2 (Fig. 2). The direction
of crack propagation would be along the most favorable cleavage
plane (Morris, 2011; Wang et al., 2008). The 3D cleavage model
is implemented in a 2D setting by projecting the 3D crack path
onto the 2D plane. Adding phantom nodes on top of the existing
nodes, the original cracked element is replaced by two overlapping
elements. The two overlapping elements do not share nodes, and
therefore can have independent displacement ﬁelds. For each over-
lapping element, only the subdomain with area Ae1 or Ae2 (Fig. 2),
corresponding to one of the two subdomains for the original
Table 3
Material properties.
Properties Retained
austenite
Martensite
Young’s modulus, E 200 GPa 228 GPa
Static yield stress, sy 100 MPa 517 MPa
Poisson’s ratio, v 0.3 0.3
Rate sensitivity parameters, m 0.01 0.01
Reference strain rate, _cref 0.001 s
1 0.001 s1
Critical strain rate, _ccritical 10
4 s1 104 s1
Burger vector, b 3.0  1010 m 3.0  1010 m
Initial immobile dislocation density
q0im
1.0  1010 m2 1.0  1010 m2
Initial mobile dislocation density q0m 1.0  107 m2 1.0  107 m2
Saturation dislocation density, qs 1.0  1014 m2 1.0  1016 m2
Fracture stress, rfrac 0.9 rfrac_martensite 5sy
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element with one-point integration and hourglass control, the
internal nodal force vector of the cracked element is given by
(Song et al., 2006)
f inte ¼ f inte1 þ f inte2 ; ð15Þ
where f inte1 and f
int
e2 are the internal nodal force vectors of the overlap-
ping elements, and are given by
f intðe1=e2Þ ¼
Aðe1=e2Þ
A0
Z
BTrðe1=e2Þ
h i
dVe: ð16Þ(a)                                             
(c)                                             
Fig. 4. Dislocation generation at, (a) 2% nominal strain, (b) 6.2% nIn summary, the procedure for implementation of the overlap-
ping element method is as follows:
(1) Monitor failure criterion for the necessary elements, at each
time step after equilibrium (Eq. (12)).
(2) If the failure criterion is satisﬁed, physically unload stresses
to a lower level in the following time steps (Eqs. (13) and
(14)).
(3) Add phantom nodes after stress unloading is completed, and
introduce overlapping elements (Fig. 2).
(4) Update new residual force and stiffness for overlapping ele-
ments (Eqs. (15) and (16)), assemble new global residual
force and stiffness, and solve for the new geometry.
3.3. Computational techniques for dislocation-density-based crystal
plasticity
The total deformation rate tensor,Dij, and theplastic deformation
rate tensor, Dpij, are needed to update the material stress state. The
method used here is the one developed by Zikry (1994) for rate-
dependent crystalline plasticity formulations, and only a brief out-
line will be presented here. For quasi-static deformations, an impli-
cit FE method with BFGS iteration is used to obtain the total
deformation rate tensor, Dij. To overcome numerical instabilities
associated with stiffness, a hybrid explicit–implicit method is used
to obtain the plastic deformation rate tensor,Dpij. This hybrid numer-
ical scheme is also used to update the evolutionary equations for the                     (b) 
                      (d) 
ominal strain, (c) 8% nominal strain, (d) 12% nominal strain.
 (a) (b)
Fig. 5. Behavior at 12% nominal strain, (a) shear slip, (b) normal stress.
 (a)    
 (c)    
 (b)
 (d)
Fig. 6. Behavior for Case I at 2.6% nominal strain, (a) immobile dislocation density for the active slip system in martensite ð1 21Þ[111], (b) GB transmission factor for slip
system ð1 21Þ[111], (c) normal stress, (d) maximum stress on cleavage planes {100}.
4350 Q. Wu, M.A. Zikry / International Journal of Solids and Structures 51 (2014) 4345–4356mobile and immobile densities. For dynamic deformations, a
lumpedmass, one point integration, trapezoidal rule, and a stiffness
based hourglass control are used. Details for this dynamic approach
are given in Zikry (1994) and Shanthraj and Zikry (2011).4. Results and discussion
The multiple-slip dislocation-density-based crystal plasticity
formulation is coupled to the specialized FE method to investigate
Q. Wu, M.A. Zikry / International Journal of Solids and Structures 51 (2014) 4345–4356 4351microstructural fracture of martensitic steel with distributions of
retained austenite. The martensitic orientation and microstructure
are represented as outlined in Section 2.5. In this study, 40 mar-
tensitic blocks are distributed randomly within 14 packets from
one parent austenite grain. The variant arrangements, representing
the orientation relationships between the parent austenite grain
and martensitic blocks, are based on experimental EBSD observa-
tions (Morito et al., 2003; Kitahara et al., 2006). Two different var-
iant distributions are used, as shown in Fig. 3(a) and (b). It is
assumed that the retained austenite has a volume fraction of 5%
(Thomas, 1978), and that the pockets of retained austenite are ran-
domly distributed inside the martensite blocks, or between the
blocks and the packets (Fig. 3). It is also assumed that the retained
austenite pockets has the same grain orientation as the parent aus-
tenite grain. The material properties (Table 3) that are used are
representative of low-carbon martensitic steel and austenitic
stainless steel (Byun et al., 2004).
The parent austenite grain is oriented based on the loading
plane of (001)c and a loading direction of [010]c. The effects of ori-
entations of parent austenite grain on dislocation-density interac-
tion at the interface of martensite (b.c.c.) and retained austenite
pockets (f.c.c.), have been investigated in our previous paper (Wu
et al., 2013). Here the high Euler angles (15, 25, 35), representing
the orientations of parent austenite grain, are used. The Kurdju-
mov–Sachs (K–S) OR is adopted as the martensite OR, and {111}c
is assumed as the habit plane. A convergent plane strain FE mesh
of 4893 elements was used with a specimen size of 3.2  6.4 mm
with tensile loading conditions with a constrained bottom surface
(Fig. 3).  (a)
(c)
Fig. 7. Normal stress for Case I at, (a) 6.2% nominal strain, (b) 7.2% nominal strain, (c) 9%4.1. Dislocation evolution ahead of crack front
Dislocation evolution ahead of crack front, and the effects of
retained austenite on dislocation evolution and crack propagation
have been investigated. The variant distribution, as shown in
Fig. 3(a), and a pre-existing crack with the normalized initial crack
length of a/w of 0.1 (Fig. 4(a)) were used, where a is the crack
length and w is the specimen width.
Based on Eqs. (17) and (18), the effects of dislocation-density cor-
responding to different slip systems can be delineated. _qðaÞgeneration is
the mobile dislocation density generation rate, _qðaÞannihilation is the
immobile dislocation density annihilated rate, _qðaÞinteraction and
_qðaÞinteractionþ are interaction rates related to the formation and
destruction of junctions (Shanthraj and Zikry, 2011). The total
dislocation-density generation (qgeneration), interaction (qinteraction),
and annihilation (qannihilation) terms can be obtained, through
integration of these rate terms and summation over all slip
systems. Based on this, we can determine how the mobile and
immobile terms evolve due to dislocation-density generation,
interaction, and annihilation as follows,
_qðaÞm ¼ _qðaÞgeneration  _qðaÞinteraction; ð17Þ_qðaÞim ¼ _qðaÞinteractionþ  _qðaÞannihilation: ð18Þ
The normalized (by the initial immobile dislocation density of
martensite) dislocation density generation at a nominal strain of
2% is shown in Fig. 4(a). Dislocations generate ahead of the crack(b)
(d)
nominal strain, (d) 12% nominal strain showing crack nucleation and propagation.
 (a) 
(c) 
(b)
 (d)
Fig. 8. Behavior for Case II at 2.8% nominal strain, (a) immobile dislocation density for the active slip system in martensite ð211Þ[111], (b) GB transmission factor for slip
system ð211Þ[111], (c) normal stress, (d) maximum stress on cleavage planes {100}.
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ized dislocation-density generation is 3.5  104, and it occurs in
retained austenite pockets, which indicates that plastic deforma-
tion ﬁrst occurs in retained austenite pockets, due to its lower yield
stress. With the increase of loading, crack begins to propagate as a
sharp crack (Fig. 4(b)). The normalized dislocation-density genera-
tion ahead of the main crack front, at a nominal strain of 6.2%, is
approximately 7.0  104. When the crack propagates near a
retained austenite pocket, the inherent ductility of the retained
austenite pockets results in dislocation-density generation, which
blunts the crack (Fig. 4(c)). At a nominal strain of 12%, the maxi-
mum normalized dislocation-density generation ahead of the main
crack front is 5.0  105, which is approximately 7 times of that for
the sharp crack at 6.2% nominal strain, and occurs in a retained
austenite pocket (Fig. 4(d)).
This accumulation of dislocation-density generation leads to
large shear slip accumulations with maximum values of 0.5
(Fig. 5(a)). These plastic zones blunt the crack, which is consistent
with experimental observations (see, for example, Higashida et al.,
2000). Furthermore, the high normal stresses adjacent to the
retained austenite pockets, ahead of crack front (Fig. 5(b)), with
maximum normalized (by the static yield stress of martensite) val-
ues of 10, can induce martensitic transformation (Bilmes et al.,
2001). The associated volumetric expansion of this transformation
can close the crack, relieve stresses at the crack front, and absorb
strain energy that can drive crack propagation. Therefore, theretained austenite pockets can signiﬁcantly improve the fracture
toughness of materials.
4.2. Quasi-static crack nucleation
In this section, the effects of dislocation-GB interaction on crack
nucleation, of variant distribution of martensitic blocks on crack
growth have been investigated. Two cases were investigated, Case
I with a variant distribution shown in Fig. 3(a), and Case II with a
variant distribution shown in Fig. 3(b). These two cases were chose
to see if changes in variant arrangement would inhibit crack
growth and failure.
The normalized immobile dislocation densities, and GBTF corre-
sponding to the active slip system in martensite ð1 21Þ½111, for
Case I at a nominal strain of 2.6%, are shown in Fig. 6(a) and (b).
The normalized immobile dislocation density at the block bound-
ary, denoted by the red circle in Fig. 6(a), is approximately
5.0  103. The low GBTF at that block boundary (Fig. 6(b)) repre-
sents the high incompatibility of slip systems, which can impede
dislocation-density transmission and result in high local stresses,
as shown in Fig. 6(c). The normalized normal stress at the block
boundary, denoted by the red circle, is approximately 5.0. The
maximum normalized (by the static yield stress of martensite)
cleavage stresses on the three cleavage planes {100} are shown
in Fig. 6(d). The distributions of cleavage stresses for Case I are
much continuous due to the arrangement of variants from the
  (a)   
  (c)   
(b)
(d)
Fig. 9. Normal stress for Case II at, (a) 5.8% nominal strain, (b) 9.6% nominal strain, (c) 11.2% nominal strain, (d) 14% nominal strain showing crack nucleation and propagation.
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cleavages planes between martensitic blocks, and increases the
coherence length on cleavage planes (Guo et al., 2004), which
would result in crack propagation and a lower fracture toughness.
The favorable orientation of cleavage planes, represented by
the large normalized cleavage stress with a maximum value of
4.5, denoted by the red circle in Fig. 6(d), results in a crack nucle-
ating at the block boundary at a nominal strain of 6.2% (Fig. 7(a)).
After crack nucleation, the crack cuts through retained austenite
pockets and propagates to the left free boundary (Fig. 7(b) and
(c)), which leads to a large sharp drop in the nominal stress–
strain curve (Fig. 10). The right crack front is impeded by the
high strength martensitic block near the right free boundary,
which is indicated by a high normalized normal stress of 16.
Eventually, due to the rotation of the cleavages planes, the crack
propagates to the right free boundary at a nominal strain of 12%
(Fig. 7(d)).
The normalized immobile dislocation densities, and GBTF corre-
sponding to the active slip system in martensite ð211Þ½111, for
Case II at a nominal strain of 2.8%, are shown in Fig. 8(a) and (b).
For regions with high dislocation density and low GBTF, disloca-
tion-densities pile up at the block boundary, which results in high
normal stresses (Fig. 8(c)). The normalized normal stress at the
block boundary, denoted by the red circle in the ﬁgure, is approx-
imately 5.5. Combined with the favorable orientation of the cleav-
age planes, which is indicated by a high normalized cleavage stress
of 4.0 on the cleavage planes of {100} (Fig. 8(d)), a crack ﬁrst nucle-
ates at the martensitic block boundary at a nominal strain of 5.8%
(Fig. 9(a)). In comparison with the distribution of cleavage stressesin Case I, the distribution of cleavage stresses in Case II is not con-
tinuous, due to the arrangement of variants from different Bain
variant groups. This can create the large misorientations of cleav-
age planes between martensitic blocks, reﬁne the coherence length
along cleavage planes that governs fracture, and improve fracture
toughness by deﬂecting cleavage crack (Wang et al., 2008).
After crack nucleation, the crack propagates to the left free
boundary (Fig. 9(b)). Due to the large misorientations of cleavage
planes {100} between adjacent martensitic blocks, the ﬁrst crack
is blunted, which is indicated by a high normalized normal stress
of 12. Meanwhile a second crack nucleates, which can relax stres-
ses (Fig. 9(b)). This second crack propagates along the right direc-
tion, cuts through a retained austenite pocket, and reaches the
right free boundary (Fig. 9(c) and (d)), which is indicated by a sharp
drop in nominal stress–strain curve (Fig. 10). Meanwhile, the left
crack front for the second crack is blunted due to the large misori-
entations of the cleavage planes. This results in large plastic defor-
mations, high normalized normal stress ahead of crack front at a
value of 11 (Fig. 9(d)), and material hardening (Fig. 10).
The crack nucleation sites, the nominal strain for crack nucle-
ation, and crack propagation path are signiﬁcantly different for
Cases I and II. For Case I, only one crack nucleates, and it propa-
gates rapidly and smoothly along a planar front due to the lowmis-
orientations of cleavage planes between martensitic blocks, which
would decrease fracture resistance. For Case II, two cracks nucle-
ate, and both of them are blunted due to the large misorientations
of cleavages planes, which would improve overall fracture tough-
ness. Therefore, crack nucleation and inhibition of failure can be
controlled through controlling variant distributions.
Fig. 10. Stress–strain curves for the two cases.
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In this section, the dynamic crack nucleation and propagation of
martensitic steel with retained austenite have been investigated.
The variant distribution for Case II (Fig. 3(b)) was used and a nom-
inal strain-rate of 5000 s1 was applied along the tensile axis.
The normalized normal stress at a nominal strain of 0.6% is
shown in Fig. 11(a). The maximum normalized normal stress is
approximately 4.0, and occurs at the interface of a martensitic
block and a retained austenite pocket. Stress wave effects can be
seen at the bottom of the model, which results in large stress oscil-
lations due to wave reﬂection at the free and ﬁxed boundaries(a) 
(c) 
Fig. 11. Normal stress for variant distribution Case II at a strain rate of 5000/s at, (a) 0.6
strain showing crack nucleation and propagation.(Fig. 13). A crack nucleates at the martensitic block boundary at
a nominal strain of 4.4% (Fig. 11(b)). In comparison with the
quasi-static crack nucleation case, the dynamic crack nucleates at
the same site, but at a lower nominal strain (Fig. 13). The left crack
front then propagates to the left free boundary, while the right
crack front is blunted. Simultaneously, another two cracks nucle-
ate, one in the middle of the model, and the other at the bottom
(Fig. 11(c)). The middle crack is blunted, while the bottom crack
propagates to the right free boundary due to the low misorienta-
tions of cleavage planes (Fig. 11(d)), which leads to the unloading
of the stresses (Fig. 13).
The nucleation of cracks at lower nominal strains in comparison
with the quasi-static case, is a result of the material competition
mechanisms between strain rate hardening and thermal softening
associated with dynamic loading conditions. The accumulated
plastic slip and normalized temperature (normalized by the mar-
tensite melting temperature of 1700 K), at a nominal strain of
10%, are shown in Fig. 12. The maximum plastic slip is approxi-
mately 0.55, and occurs ahead of crack front. The thermal accumu-
lation is assumed to be mainly due to adiabatic heating, and the
rate of change of temperature is obtained from the balance of
energy as
qcp _T ¼ vr0ijDpij; ð19Þ
where q is the mass density, cp is the speciﬁc heat capacity, and v is
the fraction of plastic work transformed to heat energy, and is cho-
sen as unity, which indicates that all plastic work transforms into
heat energy. The highest value of normalized temperature is 0.6,
and it occurs ahead of the crack front. This softening behavior(b)
  (d) 
% nominal strain, (b) 4.4% nominal strain, (c) 10% nominal strain, (d) 12.6% nominal
 (a)                                                                   (b) 
Fig. 12. Behavior for variant distribution Case II at a strain rate of 5000/s at 10% nominal strain, (a) shear slip, (b) normalized temperature.
Fig. 13. Stress–strain curves for dynamic and quasi-static case.
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results in the propagation of the cracks.5. Conclusions
Newly developed dislocation-density based evolution equations
are coupled to a multiple-slip crystal plasticity formulation, and a
framework is established that relates immobile and mobile dislo-
cation-density evolution to austenitic (f.c.c.) and martensitic
(b.c.c.) crystallographic orientations and behavior. A microstruc-
turally-based failure criteria and overlapping element method are
used to investigate dislocation-density evolution ahead of crack
front, the effects of dislocation-GB interaction and variant distribu-
tions on crack nucleation and propagation, and the effects of
dynamic loading rates on microstructural fracture.
Low transmission GBs or block boundaries can lead to disloca-
tion-density pile-ups, which result in high local stresses. These
high stresses combined with favorable orientations of cleavage
planes would result in crack nucleation. Variant distributions affect
the misorientations between cleavages planes and martensitic and
austenitic slip planes. These orientations affect how stresses are
resolved on cleavage planes, and subsequent crack nucleation,
propagation, and rupture. Dislocation-density generation ahead
of crack front can induce plastic deformations, and blunt crack
propagation. In comparison with quasi-static fracture nucleation
and growth, dynamic cracks nucleate at lower nominal strain,
and this is because the thermal softening surmounts the dynamic
strain rate hardening. These quasi-static and dynamic predictionsindicate that fracture toughness can be improved, and crack
nucleation can be inhibited by controlling the distribution of
variant orientations and retained austenite pockets.Acknowledgment
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